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Flavour Physics: The Cabibbo-Kobayashi-Maskawa matrix

experiment ≈ CKM-factors× non-perturbative inputs× known terms

CKM Matrix

parameterises transitions
up-type ↔ down-type

V =

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


fundamental SM parameters

unitary matrix in the SM:

VV † = 13

Unitarity Triangle

γ
K

ε

α

α

d
m∆

sm∆ & dm∆

ubV

βsin 2
(excl. at CL > 0.95)

 < 0βsol. w/ cos 2

α

βγ

ρ

­0.4 ­0.2 0.0 0.2 0.4 0.6 0.8 1.0

η

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

e
x
c
lu

d
e
d
 a

re
a
 h

a
s
 C

L
 >

 0
.9

5

Spring 21

CKM
f i t t e r
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measurements of ∆md(s) + SM
predictions for mixing parameters
⇒ Tests CKM unitarity!

Non-unitarity of CKM ⇔ New Physics Beyond the SM
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Neutral B(s) meson mixing - background

Neutral mesons oscillate:

q̄ b̄

b q

u, c, t u, c, t

W

W

B̄q Bq

q̄ b̄

b qu, c, t

ū, c̄, t̄

WWB̄q Bq

where q = d , s

mass eigenstate 6= flavour eigenstate

|BL,H〉 = p
∣∣B0

q

〉
± q

∣∣B̄0
q

〉
⇒ splittings in mass eigenstates:

mass splitting ∆mq ≡ mH −mL

width splitting ∆Γq ≡ ΓL − ΓH

Time dependence:∣∣B0
q(t)

〉
= g+(t)

∣∣B0
q

〉
+

q

p
g−(t)

∣∣B̄0
q

〉
∣∣B̄0

q(t)
〉

=
p

q
g−(t)

∣∣B0
q

〉
+ g+(t)

∣∣B̄0
q

〉
Occurs at loop level in SM ⇒ sensitive probe of new physics!
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Neutral B(s) meson mixing - theory

Short distance dominated ⇒ described by H∆b=2 eff. weak Hamiltonian.
OPE factorises this into

Perturbative model-dependent Wilson coefficients Ci (µ)

Non-perturbative model-independent matrix elements〈
B0

(s)

∣∣∣H∆b=2
∣∣∣B̄0

(s)

〉
=
∑
i

Ci (µ)
〈
B0

(s)

∣∣∣O∆b=2
i (µ)

∣∣∣B̄0
(s)

〉
5 independent (parity even) operators Oi , only O1 relevant for ∆m:

O1 =
(
b̄aγµ (1 − γ5) qa

) (
b̄bγµ (1 − γ5) qb

)
= OVV+AA

Define bag parameters: B̂
(i)
Bq

=
〈
B̄0
q

∣∣Oi

∣∣B0
q

〉
/
〈
B̄0
q

∣∣Oi

∣∣B0
q

〉
VSA

∆mq = |V ∗tbVtq|2 × f 2
Bq
B̂

(1)
Bq
×mBqK

⇒ Non-perturbative matrix elements calculable on the lattice
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Neutral B(s) meson mixing - experiment

|g±(t)|2 =
e−Γqt

2

[
cosh

(
∆Γq

2
t

)
± cos (∆mqt)

]
∆m experimentally known sub percent!

B0
d : Many results

B0
s : “Only” CDF, CMS and LHCb

∆md = 0.5065(19)ps−1

∆ms = 17.765(06)ps−1 0.4 0.45 0.5 0.55

∆m
d
 (ps

-1
)

Average 0.5065 ±0.0019 ps
-1

CLEO+ARGUS
(χ

d
 measurements)

0.498 ±0.032 ps
-1

Average of above
after adjustments

0.5065 ±0.0019 ps
-1

LHCb 
*

(4 analyses)
0.5062 ±0.0019 ±0.0010 ps

-1

BELLE 
*

(3 analyses)
0.509 ±0.004 ±0.005 ps

-1

BABAR 
*

(4 analyses)
0.506 ±0.006 ±0.004 ps

-1

D0 
(1 analysis)

0.506 ±0.020 ±0.016 ps
-1

CDF1 
*

(4 analyses)
0.495 ±0.033 ±0.027 ps

-1

OPAL 
(5 analyses)

0.479 ±0.018 ±0.015 ps
-1

L3 
(3 analyses)

0.444 ±0.028 ±0.028 ps
-1

DELPHI 
*

(5 analyses)
0.519 ±0.018 ±0.011 ps

-1

ALEPH 
(3 analyses)

0.446 ±0.026 ±0.019 ps
-1

 
*
 without adjustments

[HFLAV 2206.07501]
SU(3) breaking ratios give access to |Vtd/Vts |

ξ2 ≡
f 2
Bs
B̂

(1)
Bs

f 2
Bd
B̂

(1)
Bd

=

∣∣∣∣Vtd

Vts

∣∣∣∣2 ∆ms

∆md

mB

mBs
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How to simulate the b-quark?

Effective action for b

Can tune to mb

Inherent systematic errors
which are hard to
estimate/reduce

Relativistic action for b

Theoretically cleaner and
systematically improvable

Need to control extrapolation
in heavy quark mass

Different properties:
computational cost

chirality

tuning errors

systematic errors

cut-off effects

renormalisation

Results in literature mostly use effective action for b

We uses chirally symmetric Domain Wall Fermions for all quarks
⇒ Automatically O(a)-improved
⇒ Continuum-like renormalisation pattern and fully non-perturbative
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Recall: RBC/UKQCD’18: strategy [1812.08791]

Computation of SU(3) breaking ratios
fDs/fD , fBs/fB , BBs/BBd

and ξ

Renormalisation constants cancel

Extrapolation from mh < mb to mb

Simultaneous fit to m2
π, a2, 1
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RBC/UKQCD/JLQCD: ongoing work

RBC/UKQCD’18 dominated by

chiral-continuum fit

⇒ heavy quark extrapolation

⇒ estimates of higher order 1/mH

terms
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a2 [fm2]
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m
π
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eV
]

RBC UKQCD
JLQCD

Supplement existing dataset
with finer JLQCD ensembles
⇒ reduce extrapolation in
mH significantly

all domain wall fermion set-up
⇒ physical block-diagonal
renormalisation pattern

all 5 operators B̂
(i)
Bd

and B̂
(i)
Bs

(3+3) lattice spacings, 2
ensembles with physical pion
mass
⇒ good control over all
required limits

new correlator fitting strategy
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Computational set-up

UKQCD/RBC Nf = 2 + 1

8 ens, 3 a−1 : [1.7, 2.7]GeV, 2 mphys
π ,

Iwasaki gauge, DWF sea, M5 = 1.8.

val l and s same as sea, s tuned

val h: 3 stout with ρ = 0.1, M5 = 1.0.

⇒ Mixed action

JLQCD Nf = 2 + 1

7 ens, 3 a−1 : [2.5, 4.5]GeV,
mmin
π ∼ 230MeV, Symanzik gauge,

DWF sea, Nρ = 3 stout, ρ = 0.1,
M5 = 1.0

l, s, h all use same action

2 ms bracket mphys
s .

1 pair of ens only differ in V

γ5

l̄, s̄

c(b)

γ5

l, s

c̄(b̄)

OV V+AA

L

S

S

L

0 ∆Tt

Z2-sources on every 2nd
(4th) time plane

⇒ many (16-64) translations
⇒ many (5-17) ∆T per conf.

4-6 heavy quark masses
with amh < 0.7

rich but challenging dataset.
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Correlation function fit strategy

Goals:

Correlated fits including contribution from first excited state

Inclusion of multiple source-sink separations to constrain excited state

Two independent correlator analyses (JTT and Felix Erben) to
mitigate subjective choices

Strategy (JTT):

1. Stability study of 2-point functions to determine t2pt
min, t2pt

max

2. Simultaneously re-fit C2(t) and C3(t,∆T , op) keeping the two-point
[t2pt
min, t

2pt
max], selecting δ such that t3pt

min = t3pt
min + δ and select ∆Tmin

and ∆Tmax.

3. Check stability for

δ ± 1,
range of choices of ∆T
consistency of shared parameters between different fits
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Correlation functions and their fits: Two points

Example fit:

heavy-strange

a−1 ∼ 4.5GeV,
mπ ∼ 280MeV

Mhs ≈ 4.1GeV
∼ 75%Mphys

Bs

10-13
10-12
10-11
10-10
10-9
10-8
10-7

C
(t

)

pp_LLLL ap_LLLL aa_LLLL

0.914
0.916
0.918
0.920
0.922
0.924
0.926
0.928

a
m

ef
f

amgr = 0.91544(63)

amex = 1.077(14)
aLL= 0.04313(48)
afgr = 0.04508(48)

0 10 20 30 40 50 60 702.0
1.5
1.0
0.5
0.0
0.5
1.0
1.5
2.0

χ

χ2/dof = 0.73
dof = 54

KEK_F1 sh 0.68 correlated fit to t∈ [22, 42)

0.0415

0.0420
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0.0445
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ou

nd
 st
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aLL
 0.04313(48)

0.056

0.057

0.058

0.059

0.060

pLL
 0.05818(68)

0.913

0.914

0.915

0.916

0.917

am

 0.91544(63)

107

108 cond(cor)

18 19 20 21 22 23 24 25
tmin

0.02

0.04
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0.08

0.10

ex
cit
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 st

at
e

 0.0606(48)

18 19 20 21 22 23 24 25
tmin

0.00

0.05

0.10

0.15

0.20
 0.0961(89)

18 19 20 21 22 23 24 25
tmin

0.95

1.00

1.05

1.10

1.15

1.20
 1.077(14)

18 19 20 21 22 23 24 25
tmin

0.0

0.5

1.0

1.5

2.0 χ2/dof

tmax = 39

tmax = 42

tmax = 45

tmax = 48

KEK_F1 sh 0.68 with (tinter = 1, thinning=1)

Perform
stability
analysis for all
parameters.

Starting point
for combined
C2 and C3 fit
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Correlation functions and their fits: Three points

same spectrum
between 2pt, 3pt

〈gr |O |gr〉,
〈gr |O |ex〉
(〈ex |O |ex〉)
joined fit in
(t,∆T ) to C2(t)
and C3(t,∆T )

stability analysis

example: OVV+AA

21.5

22.0

22.5

23.0

aL
L

ground state
 22.01(25) (was  22.08(24))
([af: 0.04493(50) (was  0.04508(48))]

25

30

35

40
excited state

 30.4(2.2) (was  31.1(2.4))

1000

1050

1100

1150 three point matrix elements
<gr|O|gr> = 1058(23) 

2.32
2.34
2.36
2.38
2.40
2.42
2.44
2.46

Bag parameters
C3(t,∆T)

(C2(t)C2(∆T− t))(8/3)
= 0.8953(71)

28.5

29.0

29.5

30.0

30.5

31.0

pL
L

 29.68(36) (was  29.79(35))

35

40

45

50

55

60

65  48.1(4.1) (was  49.2(4.5))

800

1000

1200

1400

1600

1800

2000 <gr|O|ex> = 1410(170)

0.0

0.2

0.4

0.6

0.8

1.0

central∆Tmiddle ∆Tfront ∆Tback
〈
ex|O|ex

〉
tmes
min − 1 tmes

min + 1
0.913

0.914

0.915

0.916

0.917

am
 0.91524(65) (was  0.91544(63))

central∆Tmiddle ∆Tfront ∆Tback
〈
ex|O|ex

〉
tmes
min − 1 tmes

min + 1

1.04

1.06

1.08

1.10

1.12  1.073(13) (was  1.077(14))

central∆Tmiddle ∆Tfront ∆Tback
〈
ex|O|ex

〉
tmes
min − 1 tmes

min + 1
25000

20000

15000

10000

5000

0

5000

10000

central∆Tmiddle ∆Tfront ∆Tback
〈
ex|O|ex

〉
tmes
min − 1 tmes

min + 1
0.72

0.74

0.76

0.78

0.80

0.82

0.84

0.86

KEK_F1 sh 0.68 operator=VVpAA  (chosen: fit_tmin22_tminbag-2_dTs__48_52_56_60__N2, tmes
min = 22)

2.26

2.28

2.30

2.32

2.34

2.36

2.38

2.40

fit
te

d
C

3
(t
,∆
T
)

1e 14 ∆T= 48
∆T= 48

PRELIM
INARY

5.7

5.8

5.9

6.0

6.1

1e 16 ∆T= 52
∆T= 52

PRELIM
INARY

1.45

1.50

1.55

1e 17 ∆T= 56
∆T= 56

PRELIM
INARY

3.6

3.7

3.8

3.9

4.0

1e 19 ∆T= 60
∆T= 60

PRELIM
INARY

10 8 6 4 2 0
t−∆T/2

2.25

2.30

2.35

2.40

2.45

2.50

re
co

ns
tru

ct
ed

C
3
(t
,∆
T
)/
C

2
(t

)/
C

2
(∆
T
−
t)

<gr|O|gr> = 1058(23) 
<gr|O|ex> = 1410(170)

C3(t,∆T)

8/3C2(t)C2(∆T− t)
= 0.8953(71)

PRELIM
INARY

10 8 6 4 2 0
t−∆T/2

2.25

2.30

2.35

2.40

2.45

2.50

PRELIM
INARY

10 8 6 4 2 0
t−∆T/2

2.25

2.30

2.35

2.40

2.45

2.50

PRELIM
INARY

10 8 6 4 2 0
t−∆T/2

2.25

2.30

2.35

2.40

2.45

2.50

PRELIM
INARY

KEK_F1 sh 0.68 VVpAA

∆T/a = 48 ∆T/a = 52 ∆T/a = 56 ∆T/a = 60
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RBC/UKQCD/JLQCD: preliminary data – ratios

0.2 0.3 0.4 0.5 0.6
1/MHs

[GeV−1]

1.04

1.06

1.08

1.10

1.12

1.14

1.16

1.18

1.20

1.22

PRELIMINARY
ξ

Mild behaviour with 1/MHs

Data a lot closer to physical
b-quark mass

Precision on individual
datapoints . O(1%).

Starting to do global fits
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4q-NPR for mixing operators (Rajnandini Mukherjee)

Analogously to K − K̄ [1708.035 52]

the 5 operators O1 = OVV+AA,
O2 = OVV−AA, O3 = OSS−PP ,
O4 = OSS+PP , O5 = OTT mix.

DWF ⇒ block diagonal renorm.
matrix (up to O(amres))

ZRI
ij (µ, a) =


Z11 0 0 0 0

0 Z22 Z23 0 0

0 Z32 Z33 0 0

0 0 0 Z44 Z45

0 0 0 Z54 Z55


B(s) − B̄(s): Mixed action for RBC/UKQCD ⇒ Mixed action NPR.

Generalise idea from 1701.02644 for fully non-perturbative mixed
action renormalisation to four quark operators

P[ΛA](ll)P[ΛA](hh)

(P[ΛA](lh))2
=

(Z lh
A )2

Z ll
AZ

hh
A

fully NPR complete for all 15 ensembles × 5 operators and
combinations of single and mixed actions. 3
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RBC/UKQCD/JLQCD: beyond ratios I
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a−1, Mπ, ms , V effects not parameterised yet. . ..

. . . but seem to be mild

Benign 1/MHs behaviour
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RBC/UKQCD/JLQCD: beyond ratios II
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renormalised B5 (TT)

O1,O2: Mild discretisation effects

O3,O4: Large discretisation effects

O5: Mass dependent discretisation effects

TASK:

1. Parameterise dependence on (a, amh;ml ,ms ,mh)

2. Evaluate stability of this description
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Strategy I: Parameterising ml , ms , a – at fixed mh

interpolate data to Mref
Hs

, then assess ml , ms , a dependence (expl: B(5)
sh )
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Strategy II: Global extrapolation to physical values

Expected mass behaviours:

ml : gχ(Mπ) ≡ Cχ(M2
π −M2

π|phys) + test chiral logs (3)

ms : gK (Mπ,MK ) ≡ Cs [(2M2
K −M2

π)|sim − (2M2
K −M2

π)|phys] (3)

mb: Set mb via MBs . Try expansion in powers of 1/MHs (+ heavy logs?).

gh(MHs ) ≡ Ostatic + C
(1)
h (Λ/MHs ) + C

(2)
h (Λ/MHs )

2 (3)

Currently exploring different fitansaetze: starting with

O(Mπ,MK ,mh; a, amq, amres) = gχ(Mπ) + gK (Mπ,MK ) + gh(MHs )

+f JLQCD
CL (a2)δi ,JLQCD + f UKRBCCL (a2)δi ,UKRBC

where X ∈ {JLQCD,UKRBC}

f XCL to incorporate leading order cut-off effects:

C
(1)
CL (aΛQCD)2, Cam2

q
(amq)2, Camresamres

mass-dependent C
(1)
CL ≡ C

(1)
CL (MHs ) - exploit insights from Strategy I
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Summary and Outlook

Huge data-set

15 ensembles with varying
a, L,ml(→ Mπ),ms .

wide range of heavy-quark
masses (4-6) per ensemble

Mmax
Hs
∼ 0.75Mphys

Bs

3+3 lattice spacings (2
different discretisations)

2 Mphys
π ensembles.

2 pairs of ensembles which only
differ in ms .

1 pair which differs in V .

Fitting strategy & extrapolations

1. Two independent correlation
function analyses 3

2. RI/sMOM renormalisation
analysis 3(preliminary)

3. Fit to parameterise (ongoing)

Mπ → Mphys
π , ms → mphys

s 3
MHs → MBs (3)
a→ 0 [+ universality constraint!]

for B̂
(i)
Bq

, fBq , fBq

√
B̂

(i)
Bq

, ξ, ratios.

4. Assess robustness of fit and all
systematic uncertainties

GOAL: Controlled prediction of all observables and their correlations
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